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Intr oduction: SET is a game invented by Marsha Jean Falco in which a player tries to be
the quickest to recognize a set of three cards that satisfy the definition of a SET. On each
card, there is a picture which shows one of three options for four attributes: number (one,
two, three), shading (solid, shaded, open), color (red, green, purple), and shape (ovals,
squiggles, diamonds). Each card contains a different combination, so in total there are
34=81 cards.

Definition: A SETis defined to be three cards which, with

respect to the four attributes, are either all the same or all

different.

For example, the three cards (one, solid, red, oval), (two, solid, red, ovals), and
(three, solid, red, ovals) form a set. The number attribute is different on each card, while
the shading, color, and shape attributes are the same on each of the three cards.

SETGame PlaySET is played by dealing out twelve
cards on a table. Any number of players search for
possible SETs on the table. The first to recognize one
calls it out and removes it from the table. Three new cards
are then dealt out. If'a SET is not formed with the cards
that are dealt, three more cards are dealt out.

Now, as stated in the rules, it is possible that 12 cards are dealt out and there is no
SET. So, three more are dealt out. However, it is still possible that in these 15 cards no
SET exists. This leads to the main question of the paper:

Question: How many cards must be dealt to guarantee a SET?

Answer: High-powered computers have used brute-force methods to show that 20 is the
highest number of cards that could not contain a SET. So, dealing 21 cards guarantees a
set.

Re-formulation of Question: Before we consider the proof of this answer, it makes
sense to transform this question into one of geometry. From the set-up of the game, we
see that there are four attributes with three choices for each. It therefore makes sense to
consider a 4-dimensional vector with entries from the field of three integers: {0,1,2}. We

are considering the vector space F, . We now assign the values 0, 1, and 2 to the choices

of the attributes in the order they are listed above. So, {1,2,0,1} corresponds to a card



with one shaded purple oval. Now, each combination of the attributes can be thought of

as a point inF;' . A SET is defined as any three collinear points. Consider any three
elements of F; (call them «,B,y) such that a + + y =0. This means that either

"=#=%or {a,p,y}={0,1,2}. These two statements show that the three vectors in F;

are either all the same (i.e. they all have a 1 in the 2" entry for the vector) or all different
(i.e. the three vectors have a 0, 1, 2, respectively, in the 2" entry of the vector) with

respect to a given attribute. We started with o + + y = 0. But since we are in F; , we
can rewrite itas " =2#% % or a - 3= -y . This satisfies the definition of collinearity.
The fact that there were four dimensions in this vector space never really mattered in

proving that the points were collinear. So, we can generalize this rule to F,, where d is

the dimension of the vector space, so that any three points a,b,c € F; are collinear iff

a+b+c=0. We must now define two new terms:

Definition: a d-capis defined to be a subset of F,' that

does not contain any lines
Definition: a maximal caps defined to be the cap of
maximum size

We can now restate our question as follows:

Reformulated Question:

What is the maximum size of a cap in F;' ?

Answer: We know the answer is still 20, so let’s take a look at the proof behind this:
Proof: In order to find the size of the maximal cap of F, we must first consider the sizes
of maximal caps of lower dimensions. The paper shows examples of pictures of sets
containing 2, 4, 9, and 20 elements for F,, F;, F;,and F, , respectively. We will show

that the caps for these spaces cannot be of a larger size.

The paper takes it as given that a 1-dimensional cap has size 2, but we should explain. A
I-dimensional cap corresponds to a line. We need 3 collinear points, and all possible
points lie on that line. So, if we have 2 points, they are both on the line, yet not a set. If
we have 3 points, they are all collinear since we only have one dimension. Therefore, the

maximum size of a cap in Fj is 2.



Now let us consider a maximal 2-cap.

Proof: If we consider it graphically, it is a 2-dimensional plane with 9 points. We can
prove that the maximal 2-cap is of size 4 by contradiction (and assuming that it is of size
5). First decompose this plane into 3 horizontal lines, each with 3 points. We know each
line has a maximum of 2 points, as proved above. We put 5 points in the plane, with a
maximum of 2 points on each horizontal line. This means that 2 horizontal lines will
have 2 points and the third will have 1 point (call this point A). Consider point A. There
are 4 lines that go through this point in this plane. The horizontal line through this point
contains only 1 point, so the three other lines must contain 4 points total. There are 4
points to go on 3 lines, so by the pigeon-hole principle, one of these lines must have 2
points, other than Point A. So, in total there are 3 points on this line, and we have a
contradiction: 5 points is not a cap.

[l

Moving on, we consider a maximal 3-cap with cap size 9.

Proof: We will again use proof by contradiction to show that the size of the maximal 3-

cap is 9, by first assuming that it is 10. Consider F,’ as the decomposition of 3 planes,

Hi, H2, and H3. We know each plane contains at most 4 points, and that in total the
planes must contain 10 points. So, we have 2 hyperplane tripleswhich we define to be
the triple of numbers containing the number of points from the cap in Hi, H2, and Hs.
The 2 hyperplane triples are {4,4,2} and {4,3,3}. However, there are an unknown
number of each of these triples, so we let a=# of {4,4,2} triples and b=# of {4,3,3}
triples. In total, there are 33=27 points in the plane, and there are 26 non-zero points.
However, each non-zero point is collinear with both {0,0,0} and exactly one other point.
For example, {0,0,0}, {0,0,1}, and {0,0,2} are collinear. So there are 26/2=13 unique
lines through the origin. Each of these lines has a parallel family of planes associated

with it. We know that a+b is the total number of ways to decompose F,'. And, we can

decompose it in13 different ways. Therefore, a+b=13.

We must find another equation using aand b. Let a 2-marked plan®e a plane
containing 2 points from the cap. Any two points are elements of exactly four planes,
which is proven in the k-flat section of the paper (not included here). We choose 2 points

n 0
from the 10 in our cap. So, there are 422 '(;=180 2-marked planes. We must now

determine how many 2-marked planes there are from the hyperplane triples. Using



4\ (4) (2
{4,4,2} first, we count (2) + (2) + (2) =13. Next, using {4,3,3}, we count

4\ (3) (3
(2) + (2) + (2) =12 2-marked planes. So, we can write the equation: 13a + 12b = 180

We now have two equations and two unknowns:

(1) a+b =13
(2)  13a+12b =180

Substituting for a:
169 B 13b + 12b =180
b=1
Solve for a:
a=24

But, since b is the number of hyperplane triples of the form {4,3,3}, it must be a
nonnegative integer. Thus, we have a contradiction and know that the size of the cap
cannot be 10, and therefore is 9. []

Finally, we can prove that a maximal 4-cap has 20 points.

Proof: Again, we will assume that we have a cap with 1 more point than is shown in the
paper, or 21 points, and we will use a proof by contradiction. We let Xijjk be the number of
hyperplane triples of the form {i,j,k} in the cap. We have just shown that a 3-cap has at
most 9 points, so each i,j,k can be at most 9, and must sum to the number of points in the
4-cap: 21. The 7 hyperplane triples are therefore: {9,9,3}, {9,8,4}, {9,7,5}, {9,6,6},
{8,8,5}, {8,7,6}, {7,7,7}. Parallel to the previous proof, there are 3*=81 points, and
(81-1)/2=40 unique lines through the origin. So, there are 40 families of 3 parallel

hyperplanes of F,' . The number of hyperplane triples sum to 40:

X993 + X984 + X975 + Xos6 + Xggs + Xg76 + X777 = 40

Again, we need another equation, so we can count the 2-marked hyperplanes. The

k-flat equation shows that there are 13 distinct hyperplanes containing 2 points in F;' .



21
There are 21 points in the cap, so there are 13( 2) =2730 2-marked hyperplanes. Using a

parallel counting technique for the hyperplane triples as in the proof above, we find an
equation:

75X093+ 70%o84+ 67X975+ 66X066+ 66Xs85+ 64X876+ 63X777= 2730

We need to obtain another equation, so we can count the number of 3-marked
hyperplanes. In a 3-marked hyperplane, the 3 points must not be collinear. The paper

21
shows that in F; , there are 4 3-marked hyperplanes. So, there are 4( 3 ) =5320 3-

marked hyperplanes. Again, we count how many of each hyperplane triple there are. For

le the fi iple {9,9,3} d RGPy 169 3 ked h 1
example the first triple {9,9,3} corresponds to %8'&+%8'&+23'&= -marked hyperplanes

of this form. The resulting equation is:
169%93+ 144x084+ 129%75+ 124%066+ 122x85+ 111xs76+ 105x777= 5320

Though we now only have 3 equations with 7 unknown variables, we only are
interested in nonnegative integer solutions, so we have enough information. Rigorous
algebra eventually yields that 12x93=210, so X9931is not an integer, creating a
contradiction. Therefore, we know that a 4-cap cannot have 21 points, and a maximal 4-
cap has 20 points. [

Conclusion: This proof shows the rigorous mathematics behind a seemingly simple

children’s game. It goes on to prove the maximal cap size is 45 in F,. However, using

the combinatorics method in the two proofs here is not as strong of an argument in F.

Therefore, the authors utilize a Fourier Transform, which is better-suited for problems
with symmetry groups. The paper also describes the idea of a projective set, which as a
game has different rules than the SET we have already described. It has three attributes
(called fonts) on each card, each with three different choices (called symbols).
Additionally, there is the possibility of the lack of a font on a card. The rules are as
follows:



Projective Set Rul@hree cards make up a projective set
if each font is contained on all cards in any one of the
following ways:

(1) not at all

(2) as the same symbol twice, and the third card is blank

(3) as three of the same symbols

After reading this paper, the question of why F, was chosen arises. It is obvious
that the reason the proof was constructed in F; is because the game of SET is played this

way, but why was SET invented in this way? First, consider F, . In a 1-dimensional

space, we can only deal one card without guaranteeing a SET. But, even in 2-
dimensional space (two attributes on the cards), two cards guarantee a set. And the same

applies in 3-dimensional space. This applies for all dimensions in F, . Let us think in
terms of the game. A given attribute must be all the same or all different for the SET of
two cards. So pick any two cards, and let there be n attributes on each card (F,'). For

each attribute, let the choices be 0 or 1. We can have the cases {0,0}, {1,1}, or {0,1}. In
the first two cases, the choices are the same for this attribute. For the third case, the
choices are all different. Therefore, for any of n attributes, the choices will satisty the

rules for a SET. So, we can see that F, is not an interesting game, because any two cards
always guarantee a SET. And what about F,? This leads to a problem of definitions.

Earlier for F; , we used collinearity and the fact that a SET must contain 3 of the same or

different choices for a given attribute. In F; , these concepts were the same. However, in

F, the ideas are different. Consider a two dimensional plane in F,, where each of the

attributes has choices {0,1,2,3}. The cards corresponding to {0,0}, {1,1}, {2,2}, {3,3}
are collinear and all different for their choices. But also consider {0,0}, {1,1}, {2,3},
{3,2}. These points are not collinear, but they are all different with respect to each
attribute. So is this not a SET because the points are not collinear? Or is it a SET because

the choices are different with respect to each attribute? For this reason, we consider F,
for the SET proofs.

[ found it interesting that for the solution to this problem in F, is a range

(112< x <114), and the solution in F, and above is unknown. It has been shown that

112 cards can be dealt without a SET (with a proof, not with actual cards or computers).
But the upper bound comes from Proposition 6 in the paper, which sets a the size of a 6-
cap less than or equal to a function of h (the maximum number of times a hyperplane

intersects the 6-cap, in this case h=45=size of maximal 5-cap) and d (the size of the cap,



in this case d=6). At first I wondered how a computer couldn’t test each combination by
brute force, but then I reconsidered. For 6 dimensions, there are (3°)!=729! orderings of
the cards. Computers don’t have the power for numbers of that size (729! is greater than
101772), But then I wondered why a proof couldn’t be discovered for it. However,

consider how quickly the proofs become complicated. F, cannot be proven using

combinatorics, and F,’ can only currently be proven to a range. So, based how quickly

the proofs become extremely complicated and the failure of prior techniques, it is not
surprising that a proof of the size of the maximal 6-cap (or greater than 6) has not yet
been proven.



