
The article that I have chosen to write about is “The answer is 2n * n! What’s the 
question?”, by Gary Gordon. The article is different in that it does not set out to prove a 
theorem or set of theorems. Instead, the article begins somewhat as a story, where four 
mathematicians are sitting around and discussing how easy the math questions are on 
Jeopardy. They decide that a great answer for a Jeopardy question would be 2n * n! 
because it would be very difficult to come up with a question that has that as a solution. 
The mathematicians then each come up with a question which has 2n * n! as a solution 
and the rest of the paper explores the four different questions. I will discuss the first two 
“questions.”  
 
I found the first question to be extremely interesting, as it related to our class closely. One 
of the mathematicians, Allison, decides that she wants to find a group that has 2n * n! 
elements. Right away, this caught my eye, since a lot of what we have done is to count 
the number of elements in a group – for instance, in problem set 7 we have to find the 
number of matrices in special linear groups and general linear groups.  
 
Allison determines that there are in fact 2n * n! elements in the full symmetry group of an 
n-dimensional hypercube. We also have studied symmetry groups in detail in the class; 
but alas, we never really made it past three dimensions. The extension beyond three 
dimensions is surprisingly simple, but first I should explain what an n-dimensional 
hypercube actually is. An n-dimensional hypercube is the n-dimensional analogue of a 
square. A hypercube’s line segments always come in parallel pairs, meet at right angles, 
and have the same length. For instance, the three dimensional hypercube is the cube and 
the two dimensional hypercube is the square. Moreover, a hypercube is typically 
visualized as having vertices at the points (± 1,…., ± 1), which therefore makes the sides 
have length two. Interestingly, the one dimensional hypercube is a line, and the zero 
dimensional hypercube is a point.  
 
We have seen in class that there are 8 symmetries of the square: the identity, three 
rotations, and four reflections. Thus, the formula (2n * n!)  clearly holds, since 22*2! = 8. 
We have also seen that there are 48 symmetries of the cube, and the formula again holds: 
23*3!= 48. Allison proves the general case of the formula, using induction, a tool we have 
seen only a few times during class and which I will discuss now. 
 
In class, when counting the symmetries of three dimensional shapes, one method we used 
was to fix a face in space and then count the number of symmetries of that face. Then, we 
would simply multiply that by the number of faces. In the three dimensional case of a 
cube, we choose one face (a square), find that it has 8 symmetries, and then multiply this 
by the number of faces (6) to get the total number of symmetries of the cube (48).   
 
In higher dimensional spaces, facets are analogous to faces.  An n-dimensional hypercube 
has 2n facets all of which have dimension n-1. This is easily seen by thinking about a 
square and a cube. In the case of a square, the facets are the line segments. 
  
We let Gn denote the symmetry group of an n-dimensional hypercube.  
 



Therefore, |Gn| = 2n|Gn-1|.  
 
This equation simply tells us that the number of symmetries of an n-dimensional 
hypercube is equal to the number of facets it possesses multiplied by the number of 
symmetries of one of its facets, an n-1 dimensional hypercube.   
 
Thus, |Gn| = 22n(n-1)|Gn-2| = 23n(n-1)(n-2)|Gn-3| 
 
We know that a line segment has two symmetries: the identity and a 180 degree rotation 
about a perpendicular line through its center. Thus, |G1| = 2.  
 
Using the initial condition, we find that |Gn| = 2nn! 
 
Thus, we have proven that 2nn! is the answer to our question: How many symmetries are 
there of the n-dimensional hypercube? 
 
This first approach to finding a question was highly algebraic, but also contained some 
geometry. The next question that is explored is primarily geometric. 
 
Before we can look at the next question, let’s start with a brief discussion about 
symmetries, or specifically symmetry reflections. In two dimensional space, reflections 
occur about line segments, and in three dimensional space reflections occur about planes. 
The n-dimensional generalization of the line and plane is the hyperplane. Thus, n-
dimensional figures, such as hypercubes, are reflected about n-1 dimensional hyperplanes  
 
Now that we know what hyperplanes are, we are ready to look at the second question! 
The question is: how many regions are produced by a certain (see below) hyperplane 
arrangement of the n-dimensional hypercube? Of course, we already know that the 
answer is 2nn! but now let’s discuss it. 
 
The hyperplane arrangement it refers to are the hyperplanes which determine the 
symmetry reflections of an n-dimensional hypercube. The equations for these 
hyperplanes are xi=0, xi=xj, and xi=-xj where 1≤ i<j≤ n when the hypercube has its center 
at the origin and sides of length two. Think about this with the case of n=2 (a square). “xi 
=0” is the horizontal and vertical symmetry lines. “xi=xj” is the upward sloping diagonal 
symmetry line and “xi=-xj” is the downward sloping diagonal symmetry line. The square 
diagram is pictured below. 
 
It may seem that this question is the same as the first, but I want to assure you that this is 
not the case. In the first question, we were simply finding the number of elements in the 
symmetry group of a hypercube. First of all, in this new question, we are dealing only 
with the hyperplanes that form symmetry reflections. Also, we are finding the number of 
regions created by these hyperplanes, not the number of symmetries that occur about 
them. 
 
 



The article uses the example of a cube; but, again, I find it easier to discuss the square. 
First, imagine a square with center at (0,0) and vertices at (1,1), (-1,-1), (1,-1), and (-1,1).  
Here is a diagram of a square that includes the lines of symmetry reflections. 
 

 
 
 
As you can see, there are 8 regions formed by these two-dimensional hyperplanes (lines), 
which fits the answer of 2nn! We constructed these regions by implicitly forming 
triangles. First, we start at the center, then choose the midpoint of one side, then choose a 
a vertex adjacent to that side. We have four choices for the midpoints, then we have two 
choices for the vertex. Thus we have a total of 4*2=8 triangles formed.  
 
Similarly, for a cube, you start at the center. Then you choose the center of one of the 
faces. Then you choose the center of an edge adjacent to that face, then you choose a 
vertex adjacent to that edge. This forms a tetrahedron, which is analogous to the triangle 
formed in the square. Respectively, this gives us 6 choices, then 4 choices, then 2 
choices, for a total of 48 regions formed.  
 
It is important to note that we systematically reduced dimensions with each selection. We 
started with a face, then chose a line segment, and then chose a point. Understanding it in 
this way makes the n-dimensional case much easier. 
 
Finally, we have to relate this to the hyperplanes of an n-dimensional hypercube. First, 
we start in the center. Then, we choose the center of one of its facets. There are 2n 
options for this. Then we choose one of the 2(n-1) facets of that facet, and on and on. 
Eventually, after we have made all of the choices, we have broken the hypercube into 
simplexes, which are the n-dimensional analogues of triangles. Using the similar idea of 
induction from the first question, we find that there are a total of 2nn! regions formed of 
dimension n.  
 
The connection between the first and second questions is very interesting. First, we dealt 
with the symmetry group of a hypercube and found that the size of the group was 2nn!. 
Then, we took the hyperplanes associated with the symmetry reflections of the 
hypercube, and found that they formed 2nn! regions. This second result had nothing to do 
with the symmetry group of the hypercube; in fact, we did not even need to mention the 
hypercube, since we already had the equations of the hyperplanes we were interested in. 
The use of the hypercubes was to assist in visualizing the discussion. Thus, a main point 
of the paper is the connection between symmetry groups and hyperplane arrangements. 



After all, if we can find the same solution to similar, but clearly non-identical problems, 
than certainly there is a connection. 
 
The rest of the article goes on to tackle two different questions that each have the solution 
2nn! It seems odd that we would be searching for these questions, but the entire point of 
the paper was to draw connections between different fields of mathematics. The 
questions I discussed connect algebra and geometry through symmetry groups and 
hyperplane arrangements. The other two questions deal with zonotopes, graph theory, and 
other advanced topics; thus, the first two questions are much more applicable for our 
purposes since we have been studying algebra and geometry.  
 
After reading this article, I thought about other connections between algebra and 
geometry. When we first started learning about geometry, I was extremely confused and 
did not understand its connection to anything. But, as we have seen in class, we can relate 
the affine senates to fields, instructors to field elements, and we can then construct an 
isomorphism between the two. Also, we have related the affine senates to coordinate 
planes. 
 
Thus, there are clearly many interesting topics in mathematics that connect very different 
fields. I wouldn’t have guessed, however, that so many of them had to do with the 
solution 2nn!. 


