
For my reading project, I chose to look at the article "Symmetry Groups of Knots" by Grunbaum 
and Shephard.  I found this article interesting because it looks at physical phenomena, knots, and 
abstracts it into a context we cover in the course, symmetry groups.  Probably due to my ignorance, but I 
was unaware of the great deal of mathematics relating to knots.  After some brief research, I found that 
knot theory is very cool and includes some very intriguing stuff like prime knots (below) and knot 
polynomials. 

Much of knot theory is quite abstract and "almost unintelligible to anyone working in a different 
subject, or even in another branch of mathematics", and so the purpose of this article is to show that 
interesting and non-trivial issues exist in the physical and "grass-roots" world of knot theory.  The 
problem solved in the article pertains to the possible symmetry groups of knots.  Looking at diagrams of 
knots (such as below) suggests that knots could have all sorts of symmetries.  Moreover, the monkey's 
fist (on the right in the diagram) looks like it might have a symmetry group of [3+, 4] or [3,3]+ (see end 
for explanation of notation).  However, as the authors go on to show, neither of these groups are 
possible groups for any knot.  Their question is to find which types of groups can exist for knots. 

 

To begin, the concept of a knot needs to be explained.  One way to think of it is as a piece of 
string that is manipulated into some form and then has its two ends joined together to form a loop.  A 
more formal explanation is that it is "a simple embedding of a closed loop into E3 with some local 
finiteness and smoothness properties."  Moreover, there can only be a finite number of crossings of the 
loop when it is projected onto two dimensions.  Finally, a plane knot is a knot that exists entirely within a 
plane; but this is trivial since a plane knot is not really a knot in the real world sense because it must not 
cross itself at all (such as a circular loop). 

It is clear that the symmetry group S(k) of a knot k must be isometries (a distance preserving 
mapping, so a symmetry) in three dimensions that must leave one point fixed (the center of the knot).  It 
is easy to see that only one continuous group can arise, which is caused by the plane knot of a circular 
loop.  It is of the group (2,infinity), which is the infinite dihedral group (or from class, the symmetry 
group of the circle).  All other symmetry groups of knots must be discrete, and previous work has shown 
that there are only 14 possible groups of isometries in E3 that leave one point fixed ( [q], [q+], [2,q], 
[2,q]+, [2,q+], [2+,2q], [2+,2q+], [3,3], [3,3]+, [3,4], [3,4]+, [3+,4], [3,5], and [3,5]+, where q is a 
positive integer.  The authors show that of these groups, only some are possible symmetry groups of 
knots. 



 
Theorem:  The only symmetry groups of knots are [q], [q+], [2,q]+, [2+,2q], [2+,2q+] and [2,infinity], 
[2,q],[2,q+] where q is a positive integer.  The group [2,infinity] can only occur in the case of a plane 
knot, and the same is true for [2,q] and [2,q+] if q>=2. 

The two diagrams below illustrate some cool symmetric knots.  The first 3 are plane knots 
(because they do not cross or overlap), while the other ones are knots in the usual sense. 

 

 



The authors prove their theorem by using 2 lemmas, each of which knocks a few possible groups 
out of the running.  The first lemma shows that knots cannot have more than 1 axis of 3 fold symmetry, 
which eliminates all possible groups with a 3 as the first number. 
 
Lemma 1:  It is impossible for the symmetry group S(k) of a knot k to contain two or more distinct axes 
of 3-fold rotational symmetry. 

To prove this lemma, suppose two transformations T1 and T2 are rotations on axes A1 and 
A2.  Let P1 be any point in the knot and create P2=T1 P1 and P3=T1 P2.  P1, P2, and P3 must be 
separated L/3 (L is the length of the loop) and therefore define an equilateral triangle that is 
perpendicular to A1.  Repeat for T2 and A2 using the same P1, yielding an equilateral triangle made of P1, 
P2', and P3' that is perpendicular to A2.  Either P2' = P2 and P3' = P3, or P2' = P3 and P3' = P2.  In both 
cases the planes created by P1 P2 P3 and P1' P2' P3' coincide and therefore A1 and A2 coincide, because 
they both must pass through the center of the knot.  Thus the lemma is proved. 
 
    The second lemma shows that the groups [2,q] and [2,q+] do not exist for non-plane knots for 
q>=2.  This is done by showing that for non-plane knots, all planes of reflective symmetry must be 
collinear, and so q must equal 1. 
 
Lemma 2: If a knot k is not a plane knot, all of its planes of reflective symmetry must be collinear 
(which because they are planes, means that they all intersect a fixed line). 

The proof of this lemma was pretty confusing and tricky for me because I'm not the most well 
versed in knot theory and plane intersection geometry, but the general idea makes sense.  They begin by 
showing that if E is plane of reflective symmetry for K, then K must lie entirely within e (and therefore be 
a plane knot) or E must cut the plane perpendicularly (which is obvious from how symmetries work).  The 
first case is illustrated in the diagram below, showing the three types of symmetries for a plane knot.  To 
prove the lemma, suppose that the knot K is not a plane knot, and has 3 planes of reflective symmetry, 
e1, e2, and e3 which are not collinear.  These planes must meet at the center of the not, O, and partition 
a 2-sphere centered at O into 8 spherical triangles.  This will make sense if you think about it for a 
second, picturing 3 planes intersecting in one point, rather than a line (because each plane cuts the 
sphere in 2 pieces and there are 3 planes, therefore 2^3=8 pieces).  Name one of the triangle T and its 3 
vertices V1, V2, and V3. 

 
There are two cases: 
- at most one of the angles of T is a right angle.  This case doesn't matter though because we have 
already ruled out all of the corresponding groups, namely [3,3], [3,4], and [3,5] by means of the first 
lemma. 

 
- at least two of the angles of T are right angles.  This case causes a contradiction.  Suppose the two 
right angles are at V2 and V3 and are lying in the plane e1.  The planes e2 and e3 meet at an equal 
angle to the one at V1, which must be a rational multiple of pi because the group needs to be 
discrete.  If this angle is pi*m/n (where m/n are minimal integers) the reflections in e2 and e3 must 
generate groups of order 2n, which contains n planes of reflections including e2, e3, and images of the 
two planes under repeated reflections.  Picture these planes as creating a star pattern on e1 of n lines 
intersecting at the center of the knot.  Because the knot is not on these planes and is cut by e1, it is 
possible to find a point on the knot that is not on one of these lines.  If we then reflect this point in e2 
and e3 we will generate a 2n-gon that is perpendicular to the intersection of e2 and e3.  However, 



because e1 is perpendicular to this line, and contains the point that was reflected, it must contain all the 
points in the 2n-gon.  But this is impossible because k is not a plane knot and so can only intersect the 
plane e1 in at most 2 points, causing a contradiction. 

My apologies that the second lemma isn't terribly clear, it's hard to visualize a geometric proof by 
contradiction virtue of the fact that you are trying to visualize something that cannot occur.  This lemma 
proves the later part of the theorem that describes the groups that only exist as plane knots when q>=2. 

Overall, I found it pretty cool to think of knots as relating to group symmetries and this 
class.  Moreover, the fact that despite being 3D objects, knots can only have certain symmetries, 
particularly not ones with more than 1 axis of 3-fold symmetry, is interesting.  An important thing the 
authors point out is the difference between knots and links.  Their theorem only applies to knots, which 
contain a single continuous loop.  Another type of object, a link, is made up of more than one loop (an 
example of which is below).  The authors believe that it would be interesting, and probably not difficult, 
to do a similar analysis of links of a given number of loops.   

 

The notations they use for group symmetries can be somewhat confusing, and so they authors 
give the diagram below for clarification.  If there is only one number, the object is symmetrical over one 
dimension, and if there are more than one number, the first number corresponds to the number of 
dimensions the object is symmetrical in.  The second number deals with the number of symmetries, and 
the existence of a plus sign indicates there exist only rotational rather than rotational and reflective 
symmetries.  To illuminate: the top left is the group [q], which implies that it is symmetric in one 
dimension and can be rotated or reflected, as you can see from the marking on the sphere.  On the other 
hand, the group [q+] can clearly only be rotated and not reflected.  For both of these groups, there is 
only one axis on which they can be rotated or reflected, which goes from north to south on the 
sphere.  One the other hand, for the groups with a 2 as the first number, the objects can be manipulated 
on the north-south axis the two prior groups could, while also on a axis going through the center of the 
object that is east-west.  As before, the plus sign indicates that the object cannot be reflected; with a 
plus on the first number indicating it cannot be reflected using the east-west axis and a plus on the 
second number indicating it cannot be reflected using the north-south axis. 



 

 


